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BIJECTIVE ENUMERATION OF ROOK WALKS
ALEXANDER M. HAUPT
Abstract. In this paper we answer a question posed by R. Stanley in his collection of Bijection
Proof Problems (Problem 240). We present a bijective proof for the enumeration of walks of
length k a chess rook can move along on an mˆ n board starting and ending on the same square.
1. Introduction
Definition 1.1. Let Sm,n,k be the set of walks of length k a chess rook can move along on a
rectangular board with width m and height n, starting and ending on the bottom left square.
Remark 1.2. Note, first of all, that it does not make a difference whether the board is plane or
on a torus, by which we mean that opposite edges are identified. This is because the set of allowed
moves a rook could take does not change. Secondly we note, that by symmetry of the torus, the
starting square does not make a difference to the number of rook walks.
Figure 1.1. An example with m “ 5, n “ 4, k “ 8.
In his collection of Bijection Proof Problems [Sta15, Problem 240], Stanley gives the number of
rook walks.
Theorem 1.3. We have
|Sm,n,k| “ pm` n´ 2q
k ` pn´ 1qpm´ 2qk ` pm´ 1qpn´ 2qk ` pm´ 1qpn´ 1qp´2qk
mn
.
Stanley states that the formula is known, but no combinatorial proof of it is. In this paper we
provide a bijective proof of Theorem 1.3, based on the concept of sijections, for which we give
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a short introduction here. In a recent paper by Fischer and Konvalinka [FK19] the concept of
signed sets and sijections was introduced. Sijections take the role of bijections for signed sets.
A signed set is a finite set S together with a weight function w : S Ñ t´1, 1u. Define the weight
of the whole set wpSq :“ řsPS wpsq. We write wS if the signed set is not clear from the context.
A sijection f between signed sets S and T is an involution on the set S \ T , where \ denotes
the disjoint union, such that for x P S \ T :
wpfpxqq “
$&%´wpxq, if px P S and fpxq P Sq or px P T and fpxq P T qwpxq, otherwise.
Remark 1.4. The motivation behind this definition is the following: If we have a sijection
between A and B then wpAq “ wpBq. This is analogous to the fact that if we have a bijection
between A and B, then |A| “ |B|. Furthermore, a sijection AØ B is equivalent to a bijection
ta P A : wApaq “ 1u Y tb P B : wBpbq “ ´1u Ø ta P A : wApaq “ ´1u Y tb P B : wBpbq “ 1u.
If A is a signed set, we define ´A as a copy of A, except we have w´Apaq :“ ´wApaq.
If A and B are signed sets, define A`B as the set A\B together with the weight function
wA`Bpxq :“
$&%wApxq, if x P AwBpxq, if x P B.
Similarly we define A´B as the signed set A` p´Bq.
We also define the cross product A ˆ B of two signed sets A and B to have weight function
wAˆBpxq :“ wApxq ¨ wBpxq.
Remark 1.5. If we have a sijection AØ B ` C then we have also a sijection A´B Ø C. In
fact it is the same involution on the set A \ B \ C. Also, if we have a sijection A Ø B and
another sijection B Ø C, we can infer a sijection AØ C, as shown in [FK19].
We define a simple, but crucial signed set αi now, which we use it to handle alternating signs.
One example is the expression p´2qk in Theorem 1.3.
Definition 1.6. Define αi to be the signed set containing a single element of weight p´1qi.
We start the proof by considering the one-dimensional version of this problem, i.e. rook walks on
grids of height 1. For that we define Sm,k :“ Sm,1,k. The two-dimensional problem is then related
to the one-dimensional problem by the following lemma:
Lemma 1.7. We have a bijection
Sm,n,k ÐÑ
kÿ
i“0
ˆrks
i
˙
ˆ Sm,i ˆ Sn,k´i.
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Proof. Let i be the number of horizontal steps of the whole two-dimensional walk. Projecting the
two-dimensional walk on the horizontal and vertical axis, we get a pair of walks in Sm,i ˆ Sn,k´i.
The information we lost in this way is exactly which i of the k steps belong to the horizontal
walk, which is an element I P `rks
i
˘
, an i-subset of rks. The result follows. 
We represent elements in Sm,k by sequences in rm ´ 1sk whose total sum is ” 0 (mod m). As
noted in Remark 1.2, we can imagine the board to wrap around, such that we can interpret
each number as the number of squares the rook moves rightwards. We then end on the starting
square if and only if the sum of all steps is divisible by m. For example in Figure 1.1 the walk
moves horizontally at positions t1, 3, 5, 6, 8u and vertical at positions t2, 4, 7u, so we have i “ 5.
The horizontal subwalk is p2, 1, 1, 2, 4q while the vertical subwalk is p3, 2, 3q. Note that these two
subwalks sum to ” 0 (mod 5) and ” 0 (mod 4) respectively.
Lemma 1.8. We have a sijection
rms ˆ Sm,i Ø rm´ 1si ` αi ˆ rm´ 1s,
where Sm,i is now to be understood as signed set with weight function wpxq :“ 1.
Proof. We consider i even and i odd separately. So we want to show the following bijections
(i) For all m and even i: rms ˆ Sm,i Ø rm´ 1s ` rm´ 1si.
(ii) For all m and odd i: rms ˆ Sm,i ` rm´ 1s Ø rm´ 1si.
We define the set of alternating sequences in rm´ 1si as
rm´ 1sia :“
 
s P rm´ 1si : s is of the form s “ px,m´ x, x,m´ x, . . .q( ,
and the non-alternating sequences as
rm´ 1sina :“ rm´ 1sizrm´ 1sia.
Note that we have a simple bijection rm´1s Ø rm´1sia, as an alternating sequence is determined
by its first element.
Now, for i “ 0, note that there is only one walk of length 0, so we have
rms ˆ Sm,0 Ø rms Ø rm´ 1s ` tmu Ø rm´ 1s ` rm´ 1s0.
Now suppose that i ě 1, take an element in rms ˆ Sm,i and define a bijection f as follows:
(a) For x “ pj, pa1, . . . , aiqq P rms ˆ Sm,i with j P rm ´ 1s, define fpxq :“ pj, a1, . . . , ai´1q P
rm ´ 1si. This operation maps to exactly those sequences pb1, . . . , biq P rm ´ 1si withři
q“2 bq ı 0 (mod m), because ai `
ři
q“2 bq ”
ři
q“1 aq ” 0 and ai ı 0 (mod m).
(b) For x “ pm, pa1, . . . , aiqq P rmsˆSm,i with pa1, . . . , aiq P rm´ 1sia, define fpxq :“ a1. This
case is only possible for i even and we map to exactly rm´ 1s.
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(c) For x “ pm, pa1, . . . , aiqq P rms ˆ Sm,i, with pa1, . . . , aiq P rm ´ 1sina, we do the fol-
lowing: Let 0 ď p ă i be minimal such that ai´p ` p´1qpa1 ı 0 (mod m), which
exists as pa1, . . . , aiq is not alternating. Now define fpxq :“ pa1, . . . , ai´p´1, ai´p `
p´1qpa1, p´1qp´1a1, p´1qp´2a1, . . . , p´1q0a1q, where we use modular arithmetic mod m.
This operation maps to exactly those sequences pb1, . . . , biq P rm´ 1sina with
ři
q“2 bq ” 0
(mod m).
For bijection (i), we map to exactly rm´ 1s from (b) and rm´ 1si from (a) and (c). For bijection
(ii), we map to exactly rm´ 1sina from (a) and (c). The result follows.

Lemma 1.9. We have a bijection
r`´ 1sk `
kÿ
i“0:i odd
ˆrks
i
˙
ˆ r`sk´i ÐÑ
kÿ
i“0:i even
ˆrks
i
˙
ˆ r`sk´i.
Proof. First we define:
r`ski :“
"
pS, xq P
ˆrks
i
˙
ˆ r`sk : @j P S xj “ `
*
for which we have a simple bijection
r`ski ÐÑ
ˆrks
i
˙
ˆ r`sk´i,
that takes an element pS, xq P `rks
i
˘ˆ r`sk and removes from x the elements at the positions in S.
As all of these were copies of `, we can undo this operation. Now we can restate the lemma: We
want to find a bijection
r`´ 1sk `
kÿ
i“0:i odd
r`ski ÐÑ
kÿ
i“0:i even
r`ski .
Using an idea from Garsia and Milne, as presented in [Zei84] by Zeilberger, we define a bijection
f as follows:
(a) For x P r`´ 1sk, let fpxq “ pH, xq P r`sk0.
(b) For pS, xq P r`ski with i odd, let m be the smallest index m with xm “ `, which exists as
i ě 1. If m P S let fppS, xqq “ pSztmu, xq P r`ski´1. If m R S let fppS, xqq “ pSYtmu, xq P
r`ski`1.
To see why this is invertible, we state f´1:
(a) For pS, xq P r`ski with i even and x not containing a copy of `, we define f´1ppS, xqq :“ x.
(b) For pS, xq P r`ski with i even and x containing a copy of `, let m be the smallest index m
with xm “ `, which exists by assumption. If m P S let f´1ppS, xqq “ pSztmu, xq P r`ski´1.
If m R S let f´1ppS, xqq “ pS Y tmu, xq P r`ski`1.
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Corollary 1.10. We have a sijection
kÿ
i“0
ˆrks
i
˙
ˆ αi ˆ r`sk´i ÐÑ r`´ 1sk.
Proof. This follows from Lemma 1.9 directly by Remark 1.5 and Definition 1.6. 
Lemma 1.11. We have a sijection
kÿ
i“0
ˆrks
i
˙
ˆ αi ˆ αk´i Ø r2sk ˆ αk
Proof. We have αi ˆ αk´i Ø αk: Both sides are singleton sets with an element of equal weight
whether k and i are odd or even. We also have a bijection
kÿ
i“0
ˆrks
i
˙
Ø Pprksq Ø r2sk.
The result follows. 
Theorem 1.12. We have a bijection
rmsˆrnsˆSm,n,k Ø rm`n´2sk`rn´1sˆrm´2sk`rm´1sˆrn´2sk`rm´1sˆrn´1sˆαkˆr2sk.
Proof. By Lemma 1.7, Lemma 1.8, Corollary 1.10 and Lemma 1.11 we have
rms ˆ rns ˆ Sm,n,k
Ø
kÿ
i“0
ˆrks
i
˙
ˆ rms ˆ Sm,i ˆ rns ˆ Sn,k´i
Ø
kÿ
i“0
ˆrks
i
˙
ˆ `rm´ 1si ` αi ˆ rm´ 1s˘ˆ `rn´ 1sk´i ` αk´i ˆ rn´ 1s˘
“
kÿ
i“0
ˆrks
i
˙
ˆ rm´ 1si ˆ rn´ 1sk´i `
kÿ
i“0
ˆrks
i
˙
ˆ rm´ 1si ˆ αk´i ˆ rn´ 1s
`
kÿ
i“0
ˆrks
i
˙
ˆ αi ˆ rm´ 1s ˆ rn´ 1sk´i `
kÿ
i“0
ˆrks
i
˙
ˆ αi ˆ rm´ 1s ˆ αk´i ˆ rn´ 1s
Ø rm` n´ 2sk ` rn´ 1s ˆ rm´ 2sk ` rm´ 1s ˆ rn´ 2sk ` rm´ 1s ˆ rn´ 1s ˆ αk ˆ r2sk.

Theorem 1.3 follows immediately from Theorem 1.12, by evaluating the weight of both sides.
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